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The Gelfand duality theorem states that the functor from the category of 
compact spaces to the category of commutative C*-algebras, obtained by 
assigning to each compact space X the commutative C*-algebra @(X) of 
continuous complex functions on X, determines a duality between these cate- 
gories. The dual functor is that obtained by assigning to each commutative 
C*-algebra A the compact topological space Max A consisting of the set of 
maximal ideals of the ring A endowed with the topology of which the subsets 
of Max A of the form 
D(a) = {m E Max A 1 a # in} 
for each a E A form a basis of open sets. It may be remarked that the maximal 
ideal space of a commutative ring A is generally neither compact nor functorial 
on the category of commutative rings. The existence of this functor therefore 
depends on particular properties of commutative C*-algebras, from which one 
is led to the following: 
DEFINITION. A ring A will be said to be a Gelfand ring provided that for any 
distinct maximal right ideals m, m’ of ;4 there exist elements a $ nt, a’ $ m’ of 
the ring for which 
UAU’ = 0. 
The definition if phrased in terms of maximal right ideals to allow it to be applied 
to rings which are not necessarily commutative (although all rings are assumed 
to have an identity element). Although the definition might appear to be that of 
a right Gelfand ring, the condition will turn out to be equivalent to that in terms 
of maximal left ideals. 
It will be proved that the maximal ideal space of any Gelfand ring is a compact 
space, and that the assignment to each ring ,4 of the maximal ideal space Max A 
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is functorial on the category of Gelfand rings and ring homomorphisms. It is 
known that any Gelfand ring A admits an isomorphism to the ring of sections of 
a sheaf of rings PA on the maximal ideal space Max A. The ringed space (Max A, 
CA) is compact: that is, the topological space Max A is compact and for any 
distinct m, nt’ E Max A there is an u E A with a,,, = 1 and a,,’ == 0. And it is 
local: that is, the non-invertible elements of the stalk PA,,,, form an ideal for each 
tn E Max A. Further, the ring of sections of any compact local ringed space is a 
Gelfand ring. The existence of this representation was established in the case of 
commutative semiprimitive rings independently in [ 141 and [6, 71. The represen- 
tation was extended to rings satisfying an analogous condition on maximal 
ideals (in fact, the rings considered need not necessarily have identity elements) 
by Koh [4]. This representation had been obtained also in the context of the 
theory of compact representations of rings [8, 121, in which conditions of this 
kind on maximal ideals and maximal right ideals arise naturally. The compactness 
of the representation implies that the representation extends canonically to yield 
an equivalence of categories of modules [6, 10, 121. This leads to the proof of a 
generalisation of Swan’s theorem to Gelfand rings [7,9]. In the commutative case, 
the algebraic K-theory of Gelfand rings has been examined by Carral [I], 
establishing relationships between stable rank over Gelfand rings and the 
covering dimension of the maximal ideal space which are analogous to those for 
Noetherian rings with respect to Krull dimension. 
For a commutative C*-algebra A, the representation yields exactly the 
isomorphism 
A - GaxA(Max 4 
to the algebra of sections of the sheaf of continuous complex functions on the 
maximal ideal space of A given by the Gelfand representation. Moreover, it 
may be shown that a C*-algebra which satisfies the Gelfand condition is neces- 
sarily commutative. Other rings satisfying the condition include: 
(i) the algebra Q(m) f o smooth real functions on any paracompact smooth 
manifold M; 
(ii) the unitalisation R(G) of the algebra Ll(G) of any locally compact 
abelian group G; 
(iii) more generally, any regular commutative Banach algebra; 
(iv) the algebras W(X), @(X) and W(X) of continuous real, complex and 
quaternion functions on any topological space X; 
(v) their subalgebras R*(X), c*(X) and W*(X) of bounded functions; 
(vi) any strongly regular ring. 
Moreover, the maximal ring of quotients of any of these rings is again a 
Gelfand ring, and is isomorphic to the ring of sections over dense open subsets of 
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Max A of the ringed space (Max A, IOA) ([7, 131, cf. [3]). In particular, the 
maximal ring of right quotients necessarily coincides with the maximal ring 
of left quotients. Finally, among semiprimitive commutative rings the condition 
is equivalent to requiring that each prime ideal of the ring is contained in a unique 
maximal ideal [2]. For an extension of this remark to the case of certain non- 
commutative rings the reader is referred to [9]. 
The existence of these generalisations to Gelfand rings of results concerning 
projective modules, stable rank and maximal rings of quotients which are known 
for rings of continuous functions on compact spaces gives the impression that 
these rings provide a natural generalisation of commutative C*-algebras. To 
this may be added the following extension of Gelfand duality to the category of 
Gelfand rings: 
THEOREM. The functor from the category of compact local ringed spaces to the 
category of Gelfand rings, obtained by assigning to each ringed space (X, Co,) the 
ring of sections ox(X), determines a duality between these categories. 
We prove first that the ring of sections A of any compact local ringed space is a 
Gelfand ring: it is then immediate that we have a functor from the category 
of compact local ringed spaces to the category of Gelfand rings, considered as 
full subcategories of the categories of ringed spaces and of rings respectively. 
Suppose then that m, m’ are distinct maximal right ideals of the ring A: then by 
the compactness theorem [I 1, Theorem 2.31 for ringed spaces, there exist 
unique x, x’ E X for which 
m 3 {a E A ] a, = 0) 
and 
m’ 3 {a E A 1 a,’ = O}. 
However, the stalk of the ringed space (X, 0,) at any x E X is a local ring: it 
therefore has a unique maximal right ideal. Moreover, at any x E X the stalk of 
the compact ringed space (X, 0,) is isomorphic [l 1, Theorem I.41 to the ring 
of sections A factored by the ideal {a E A 1 a, = 0}: the maximal right ideals of 
@ x.x therefore correspond bijectively with the maximal right ideals of A con- 
taining the ideal {a E A / a, = 01. The elements x, x’ E X corresponding to the 
distinct maximal right ideals m, m’ of A are therefore distinct. By the compact- 
ness (which includes hausdorffness) of the topological space X, there exist 
disjoint open neighbourhoods U, u C X of x, x’ E X respectively. By the 
compactness of the ringed space, there exist [ll, Theorem I.21 a, a’ E A having 
supports in U, u’ C X respectively and for which a, = 1 and a,, = 1. Then, 
a $ m and a’ 4 m’ since each determines an invertible element of the stalks at 
x, x’ respectively, hence lies outside the maximal right ideal determining the ideal 
of non-invertible elements of these stalks. Further, any product of elements of A 
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which contains both a, a’ E A in its expression must be zero; since the supports 
of a, a’ E A lying in the disjoint open sets U, U’ C X implies that either a or a’ 
vanishes at any point of X. The condition 
aAa’ = 0 
is therefore satisfied by a 4 tn, a’ 4 ut’. The ring A is therefore a Gelfand ring. 
Now, suppose that A is a Gelfand ring: then it will be established that A is 
isomorphic to the ring of sections of a compact local ringed space (Max A, 
Q MaxA ) over the maximal ideal space of the ring. Towards this, we show first that 
the maximal ideal space Max A of a Gelfand ring A is compact. Since the maximal 
ideal space of any ring is quasicompact, it remains to show that Max A is haus- 
dorff. But for any distinct maximal ideals It, it’ of the Gelfand ring A, choose 
maximal right ideals m, m containing tt,n’ respectively: then tn, ut’are necessarily 
distinct, so there exist a # ut, a’ $ nt’ for which aAa’ = 0. Then D(a), D(a’) C 
Max A are open neighbourhoods of tt, u’ E Max iz respectively. These neigh- 
bourhoods are disjoint, by the condition aAa’ = 0 together with the primeness of 
any maximal ideal of a ring. The maximal ideal space Max A is therefore 
compact. 
Applying the existence theorem [ 12, Theorem 3.51 for compact representations 
of rings to the maximal ideal space of the ring A, the observations above imply 
the existence of a compact ringed space (Max A, @!M.& over the maximal ideal 
space of which A is the ring of sections: the ringed space is constructed by the 
techniques of [ 12, Theorem 1. l] applied to the ideal space of the ring A consisting 
of the ideals 
indexed by the maximal ideal space of A. The ringed space obtained is that of 
which the stalk at each tn E Max A is the factor ring A/J,,,: the canonical 
isomorphism from A to the ring of sections is that which assigns to each a E A 
the section obtained by taking the canonical image a,, E A/J”, of a E A for 
each tn E Max A. To establish that (Max A, OMvIati) is a local ringed space, it 
suffices to show that each maximal right ideal of the ring A contains the ideal 
J,,, for a unique m E Max A: but the ideals (J,,,)n,eM&xA are coprime by the 
existence theorem [12, Theorem 3.51. Hence a maximal right ideal of A cannot 
contain J,,, , J,,,, for distinct nt, tn’ E Max A. The ringed space (Max A, cO,,x,) 
is therefore a compact local ringed space, of which A is the ring of sections. 
For a Gelfand ring A, each prime ideal of A is contained in a unique maximal 
right ideal: for if p were contained in distinct maximal right ideals m, tn’ of A 
then there would exist a # m, a’ $ m’ for which aAa’ = 0. The primeness of p 
would then imply that a E p or a’ E p, contradicting the assumption that p C tn, 
tn’. Therefore, every maximal right ideal of the ring is in fact a maximal ideal of 
A: for any maximal right ideal ut determines a primitive ideal p (namely, the 
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ideal maximal amongst those contained in tn) and a primitive ideal is both prime 
and equal to the intersection of the maximal right ideals containing it. The prime 
ideal p is thus contained only in the maximal right ideal in, which it must 
therefore equal: m is then a maximal ideal of the ring. In particular, every 
primitive ideal of a Gelfand ring is maximal. 
With these remarks, the assignment to each Gelfand ring A of the compact 
local ringed space (Max A, OhlaxA) will b e s h own to determine a functor from the 
dual of the category of Gelfand rings. First, w-e prove that any homomorphism 
4 r, B 
determines a continuous mapping 
Max B % Max A. 
In general, the inverse image of a maximal ideal under a ring homomorphism 
need not necessarily be a maximal ideal: for rings which are not commutative, the 
inverse image need not even be a prime ideal. However, every maximal ideal of 
a Gelfand ring is symmetric (that is, abc E nt implies bat E in), since it is a 
maximal right ideal and a maximal right ideal is symmetric precisely if it is two- 
sided [Sj. And the inverse image of a maximal ideal which is symmetric is always 
a prime ideal. The mapping 
Max B % Max A 
is therefore defined by assigning to each n E Max B the unique m E Max A 
containing the prime idealf-l(n) of A. The mapping is continuous: since given 
any maximal ideal m E Max B, denoting its image by m’ E Max A there is for 
any open neighbourhood U’ of ut’ an element a E A which has support contained 
in U’ and a,,,, the identity. Then a 6 m’ hencef(a) $ nt. So the basic open set U 
determined by f(u) in Max B is an open neighbourhood of m. Further, if 
n E Max B belongs to U then since its inverse image f-‘(n) is a prime ideal 
satisfying 
Jn, Cf-l(n) C it’ 
where n’ is the corresponding maximal ideal of the ring A, it follows that n’ E U’: 
for f(a) $ n implies a $f-l(n), hence a E J,,, which yields n’ E CJ’ by the choice 
of the element a E A having support in U’. This therefore determines a functor 
from the dual of the category of Gelfand rings to the category of compact spaces. 
The homomorphism 
A&B 
may now be used to determine a homomorphism from the ringed space (Max B, 
u MaxB) to (Max A, %m, ) by defining a homomorphism from the sheaf Qhlaxs to 
the direct image ~rU~axB of the sheaf LOMaxs along the continuous mapping just 
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defined. Applying the Lemma involved in the proof of Theorem I .5 of [12], it 
suffices to prove that the homomorphism 
is fibered: that is, if a E A is zero at m t Max A then there exists an open 
neighbourhood U’ 3 m such that f( ) a is zero at each point of the inverse image 
UC Max B of U’ C Max A. Choosing by the compactness of the ringed space 
determined by A, an element n’ E A with a:,,, the identity and with support 
contained in the subset of Max A on which a equals zero, let TJ’ C Nax A be the 
open neighbourhood of nt’ on which a’ equals the identity. Then aa’ equals zero, 
hencef(a)f(a’) is zero in the ring B. But for each n E U the element a’ E A is 
invertible in the stalk of OhIaXA at n’, where n’ is the image of tt under y. Hence, 
a’ E n’, sof(u’) $ n. Butf(a’) # 11 for all 11 E U implies thatf(a’) is invertible over 
U, since (Max B, O,,,, ) is a local ringed space of which the ideal of non- 
invertible elements in the stalk at n E Max B is the image of n. Hence, f(u) f(u’) 
being zero implies that f(u) is zero over UC Max B as required. The homo- 
morphism 
is therefore fibered, so determines a unique homomorphism of ringed spaces. 
This determines a functor from the dual of the category of Gelfand rings to 
the category of compact local ringed spaces, of which the section functor is 
evidently the dual inverse. This completes the proof of the theorem. 
Finally, it may be remarked that a ring A satisfies the Gelfand condition with 
respect to its maximal right ideals exactly if the condition is satisfied by its 
maximal left ideals: for the definition of a compact local ringed space is inde- 
pendent of whether right or left ideals are considered. Indeed, it has followed 
that in any Gelfand ring, every maximal right or left ideal is two-sided. 
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